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Introduction

Preprint submitted for publication (Available in Arxiv:2304.05177 )

Bounds on Non-Linear Errors for Variance Computation with Stochastic Rounding.

Stochastic rounding

AH and BC method

Inner product Horner algorithm

Non-linear errors

Variance computation by
Chan, Golub, and LeVeque
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Plan

1 Recap of some stochastic rounding properties.

2 Pairwise summation

3 Error analysis for algorithms with non-linear error

4 Textbook and Two-pass algorithms
▶ Bias analysis

▶ Probabilistic error analysis
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Background

Let us denote F ⊂ R the set of floating-point numbers and x̂ = fl(x).
For x , y ∈ F and op ∈ {+,−, ∗, /}

̂(x op y) = (x op y)(1 + δ), |δ| ⩽ u.

IEEE-754 mode RN (round to nearest, ties to even) has the stronger property that
|δ| ⩽ 1

2β
1−p = 1

2 u.

ε(x) = βe−p = ⌈x⌉ − ⌊x⌋ and p(x) = x−⌊x⌋
⌈x⌉−⌊x⌋ .

⌊x⌋ ⌈x⌉x

1 − p(x)
p(x)

p(x)ε(x)

Figure: SR-nearness.

E(x̂) = p(x)⌈x⌉ + (1 − p(x))⌊x⌋ = x .
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Mean independence

For x1, x2, x3 ∈ R, such that c = x1 op x2 op x3, and

ĉ = ((x1 op x2)(1 + δ1) op x3)(1 + δ2),

obtained from SR-nearness. δ1, δ2 are random variables such that E(δ1) = E(δ2) = 0.
Mean independence: X1,X2, ... are mean independent if E[Xk/X1, ...,Xk−1] = E(Xk) for all k.
X and Y are independents =⇒ X is mean independent from Y =⇒ X and Y are
uncorrelated.

Lemma 1 (M. P. CONNOLLY, N. J. HIGHAM, AND T. MARY).

For some δ1, δ2, ..., in that order obtained from SR-nearness, the δk are random variables with
mean zero such that E[δk/δ1, ..., δk−1] = E(δk) = 0.

Definition 1 (Azuma-Hoeffding inequality).

Let M0, ...,Mn be a martingale with respect to a sequence X1, ...,Xn. We assume that
−bk ⩽ Mk − Mk−1 ⩽ bk for k = 1 : n

P

|Mn − M0| ⩾

√√√√ n∑
k=1

b2
k

√
2 ln(2/λ)

 ⩽ λ,

where 0 < λ < 1.
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Inner product
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SR-average

1 -  = 0.9 

Figure: Probabilistic bounds with probability 1 − λ = 0.9 vs deterministic bound of the computed forward errors
of the inner product with u = 2−23 using verificarlo where a, b ∈ [0; 1].
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Pairwise summation

Sh
1

Sh−1
1

XX

S1
1

x1 x2

S1
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x3 x4

S1
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Sh−1
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XX

S1
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Sh
1 =
∑16

i=1 xi .
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Pairwise summation
Results

For γn(u) = (1 + u)n − 1, under SR-nearness, Ŝh
1 satisfies with probability at least 1 − λ,

The deterministic bound ∣∣Ŝh
1 − Sh

1

∣∣∣∣Sh
1

∣∣ ⩽ κγlog(n)(u). (1)

The BC bound ∣∣Ŝh
1 − Sh

1

∣∣∣∣Sh
1

∣∣ ⩽ κ
√
γlog(n)(u2)/λ. (2)

The AH bound ∣∣Ŝh
1 − Sh

1

∣∣∣∣Sh
1

∣∣ ⩽ κ
√

uγ2⌈log(n)⌉(u)
√

ln(2/λ). (3)

Hallman and Ipsen pairwise bound∣∣Ŝh
1 − Sh

1

∣∣∣∣Sh
1

∣∣ ⩽ κu
√

h
√

2 ln(2/δ)(1 + ϕn,h,η), (4)

with probability at least 1 − (η + δ), where ϕn,h,η ≡ λn,η

√
2hu exp

(
λ2

n,ηhu2
)

with

λn,η ≡
√

2 ln(2n/η) and κ =
∑n

i=1
|xi |∣∣∑n

i=1
xi

∣∣ is the condition number using the 1-norm.
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Numerical experiment

104 105 106 107 108

n

1.1 × 10 6

1.2 × 10 6

1.3 × 10 6

1.4 × 10 6

1.5 × 10 6

1.6 × 10 6

1.7 × 10 6

(3) bound
(4) bound

1 -  = 1 - ( + ) = 0.9 

Figure: (3) and (4) bounds with probability 0.9, κ = 1 and u = 2−23.
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Textbook and two-pass algorithms bias

For x ∈ Rn, let s =
∑n

i=1 xi and m = 1
n
∑n

i=1 xi = 1
n s.

Textbook algorithm

The textbook algorithm computes the variance using the formula y =
∑n

i=1 x2
i − 1

n s2. Under SR
nearness, we have

ŝ =
∑n

i=1 xi
∏n

k=max(2,i)(1 + δk−1).

ŷ =
∑n

i=1 x2
i ψi − 1

n ŝ2ψn+1.

E(ŷ) = y− 1
n V (̂s).

Two-pass algorithm

The two-pass algorithm computes the variance using the formula z =
∑n

i=1 (xi − m)2. Under SR
nearness, we have

m̂ = 1
n
∑n

i=1 xi
∏n+1

k=max(2,i)(1 + δk−1).

ẑ =
∑n

i=1(xi − m̂)2(1 + εi )2(1 + ηi )
∏n

k=max(2,i)(1 + θk) =
∑n

i=1(xi − m̂)2ψi .

E (̂z) = z+ 1
n V (̂s) + O(u2).
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Error analysis for algorithms with non-linear error

For the textbook algorithm, we have

∣∣ŷ − y
∣∣ =

∣∣∣∣∣
n∑

i=1

x2
i (ψi − 1) −

1
n

(̂s2ψn+1 − s2)

∣∣∣∣∣
⩽

∣∣∣∣∣
n∑

i=1

x2
i (ψi − 1)

∣∣∣∣∣+ 1
n

∣∣̂s2ψn+1 − s2
∣∣ .

For example:
1
n

∣∣∣((̂s − s) + s
)2
ψn+1 − s2

∣∣∣ = 1
n

(∣∣(̂s − s)2ψn+1
∣∣+ 2

∣∣s (̂s − s)ψn+1
∣∣+
∣∣s2(ψn+1 − 1)

∣∣) .
1
n

∣∣̂s2ψn+1 − ŝs + ŝs − s2
∣∣ = 1

n

∣∣̂s (̂sψn+1 − s) + s (̂s − s)
∣∣.

Zn = ŝ − s and (Zn + s)2 = Xn + s2 + An. Therefore

1
n

∣∣(Zn + s)2ψn+1 − s2
∣∣ =

1
n

∣∣ψn+1(Xn + An) − s2(ψn+1 − 1)
∣∣ .
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Probabilistic error analysis

nu ≪ 1 nu ≫ 1 and nu2 ≪ 1

Det (K2
2 + 2K2

1)nu (K2
2 + K2

1)e(2n+1)u

BC (K2
2 + 2K2

1)
√

2/λ
√

nu (K2
2 + 2K2

1)
√

2/λ
√

nu

AH (K2
2 + 2K2

1)
√

ln(4/λ)
√

nu (K2
2 + K2

1

√
u ln(4/λ))

√
u ln(4/λ)e(2n+1)u

DM (K2
2 +

√
8K2

1)
√

ln(4/λ)
√

nu
(√

u ln(4/λ)(K2
2 +

√
2K2

1) + K2
1

u
2

)
e(2n+1)u

Table: The asymptotic behavior of the textbook forward error bounds for a fixed probability λ and over n up to
a constant. K1 = ∥x∥1√ny and K2 = ∥x∥2√y .

Extension of the previous results to the pairwise case. log2(n) instead of n.
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Numerical experiments
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Figure: Probabilistic error bounds over n with probability 1 − λ = 0.9 for the textbook algorithm and xi ∈ [0; 1].
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Figure: The forward errors of textbook and two-pass algorithms in binary32 precision for floating-points chosen
uniformly at random in [−1; 1]. y =

∑n
i=1

x2
i − 1

n s2 and z =
∑n

i=1
(xi − m)2.
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Figure: The forward errors of textbook and two-pass algorithms in binary32 precision for floating-points chosen
uniformly at random in [1024; 1025]. y =

∑n
i=1

x2
i − 1

n s2 and z =
∑n

i=1
(xi − m)2.
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Conclusion and Future Works

Contributions
Using SR-nearness:

Pairwise summation.
Textbook and two-pass algorithms.
New approach for algorithms with non-linear errors.

Future works

Explore the division case (WIP).
General framework.
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Thank You For Your Attention.
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Probabilistic error analysis: BC method

Theorem 2 (Textbook algorithm).

For all 0 < λ < 1, the computed ŷ satisfies under SR-nearness∣∣ŷ − y
∣∣

|y |
⩽ K2

2

√
2γn+1(u2)/λ+ K2

1

(
(1 + u)3

(√
2γn−1(u2)/λ+ 1

)2
− 1
)
,

with probability at least 1 − λ.

Theorem 3 (Two-pass algorithm).

For all 0 < λ < 1, the computed ẑ satisfies under SR-nearness∣∣̂z − z
∣∣

|z|
⩽(1 + u)

(√
4γn+1(u2)

λ
+

4γn+1(u2)
λ

(
2K1 + K2

1

(√
4γn+1(u2)

λ
+ 1

)))
+ u,

with probability at least 1 − λ.
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Probabilistic error analysis: AH method

Theorem 4 (Textbook algorithm).

For all 0 < λ < 1, the computed ŷ satisfies under SR-nearness∣∣ŷ − y
∣∣

|y |
⩽K2

2
√

uγ2(n+1)(u)
√

ln(4/λ) + K2
1

(
(1 + u)3

(√
uγ2(n−1)(u)

√
ln(4/λ) + 1

)2
− 1
)
,

with probability at least 1 − λ.

Theorem 5 (Two-pass algorithm).

For all 0 < λ < 1, the computed ẑ satisfies under SR-nearness∣∣̂z − z
∣∣

|z|
⩽(1 + u)

(√
uγ2(n+1)(u)

√
ln(8/λ)

+ uγ2(n+1)(u) ln(8/λ)
(

2K1 + K2
1
(√

uγ2(n+1)(u)
√

ln(8/λ) + 1
)))

+ u,

with probability at least 1 − λ.
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Probabilistic error analysis: DM method

Theorem 6 (Textbook algorithm).

For all 0 < λ < 1, the computed ŷ satisfies under SR-nearness∣∣ŷ − y
∣∣

|y |
⩽K2

2
√

uγ2(n+1)(u)
√

ln(4/λ) + K2
1(1 + u)3

[√
2uγ4(n−1)(u)

√
ln(4/λ)

+ u
γ2(n−1)(u)

2
+ 1
]

− K2
1,

with probability at least 1 − λ.
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Pairwise textbook and pairwise two-pass

Theorem 7 (BC method).

For the pairwise textbook, for all 0 < λ < 1, the computed ŷ satisfies under SR-nearness∣∣ŷ − y
∣∣

|y |
⩽ K2

2
√

2γlog(n)+1(u2)/λ+ K2
1

(
(1 + u)3

(√
2γlog(n)(u2)/λ+ 1

)2
− 1
)
,

with probability at least 1 − λ.

Theorem 8 (AH method).

For the pairwise textbook, for all 0 < λ < 1, the computed ŷ satisfies under SR-nearness∣∣ŷ − y
∣∣

|y |
⩽K2

2
√

uγ2(log(n)+1)(u)
√

ln(4/λ) + K2
1

(
(1 + u)3

(√
uγ2 log(n)(u)

√
ln(4/λ) + 1

)2
− 1
)
,

with probability at least 1 − λ.
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